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Abstract: The noncommutative bion core of Constable, Myers and Tafjord [1] describes
the BPS D1-D3 brane intersection (where a single bundle of D1-branes is attached to the D3
brane) in the nonabelian Born-Infeld theory of D1-branes. The possibility of extending this
construction to BPS configurations with multiple separated parallel bundles of D1-branes
attached to a single D3-brane is discussed. The problem is reduced to solving the Nahm
equation with novel boundary conditions. A concrete, non-trivial solution is presented.
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1. Introduction
Among the more interesting properties of D-branes are the many relationships between
D-branes of various dimensions. For example, lower dimensional branes can be described
as solitons in the effective theory of a higher dimensional D-brane [2]; they are then seen as
bound to the higher dimensional brane. Wrapping a brane around a thin tube supported
the appropriate flux produces an object effectively identical to that of a lower dimensional
brane [3]. In similar spirit, brane intersections between lower and higher dimensional
branes can be described in the effective theory of the higher dimensional brane: the brane
develops a spike which is interpreted as an attached bundle of lower dimensional branes.
For example, for a D3-brane, one finds that a magnetic monopole of strength N produces
a singularity in the D3-brane’s transverse displacement: this is the spike which can be
interpreted as N D1-branes attached to the D3-brane [4, 5].
With the development of nonabelian effective actions for stacks of D-branes [6, 7] 1, it
became possible to describe higher dimensional objects as made up of lower dimensional
components. As is well known, the gauge group for a stack of N superposed D-branes is
enhanced from U(1)N to U(N) and the brane worldvolume supports a U(N) gauge field as
well as a set of scalars in the adjoint representation of U(N) (one for each of the transverse
coordinates). A striking feature of this effective action is that it contains structures such
as commutators of the transverse coordinates with themselves. These vanish in the U(1)
case and cannot be directly inferred from the abelian Born-Infeld action. They lead to
nonabelian geometrical structures, where higher dimensional branes can be built from
lower dimensional branes, via the dielectric effect [7], or its analogs.
In [1], the nonabelian Born-Infeld action was applied to a stack of N D1-branes in a
flat background and it was shown that the transverse coordinates of the D1-branes ‘flare
out’ to a flat three dimensional space. This was interpreted as a collection of D1-branes
attached to an orthogonal D3-brane, one of the standard D-brane intersections mentioned
1See references in these papers for other work on this problem.
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above. This then was the dual description of the point magnetic charge in the effective
theory of a single (abelian) D3-brane. To the extent that it is possible to compare them,
there is a perfect quantitative match between the two pictures.
The D1-D3-brane intersection is supersymmetric, which is reflected in both pictures,
since the nontrivial solutions describing the intersection are BPS. In case of the nonabelian
Born-Infeld action for the D1-branes, the BPS equation was motivated in [1] to be the
Nahm equation. This is quite natural, since the Nahm equation has made its appearance
in similar contexts before (see section 4).
Various other brane intersections have also been described this way [8, 9, 10, 11, 12].
In this paper, we will try to construct multiple separated parallel bundles of D1-
branes flaring out to form a single D3-brane. We will argue that the existence of such
configurations is obvious from the dual abelian description on a D3-brane. The construction
in the nonabelian theory of D1-branes is nontrivial, and will require finding a solution to
the Nahm equation with novel boundary conditions. We will explicitly present one such
solution in section 3.
2. Dual pictures for the D1-D3 brane intersection: review
Consider the abelian Born-Infeld action for a single D3-brane in flat space. Let the D3-
brane extend in 0123-directions, and let the coordinates on the brane be denoted by xi,
i = 0, . . . , 3. Restricting the brane to have displacement in only one of the transverse
directions, we can take the (static gauge) embedding coordinates of the brane in the ten-
dimensional space to be Xi = xi, i = 0, . . . , 3; Xa = 0, a = 4, . . . , 8; X9 = σ(xi). Then
there exists a static (BPS) solution of the Born-Infeld action corresponding to placing N
units of U(1) magnetic charge at the origin of coordinates on the brane [4]:
X9(xi) = σ(xi) =
q√
(x1)2 + (x2)2 + (x3)2
, (2.1)
where q = πα′N , and N is an integer. This magnetic bion solution to the Born–Infeld
action corresponds to N superposed D1-branes attached to the D3-brane at the origin. It
is “reliable” in the sense that the effect of unknown higher-order corrections in α′ and g to
the action can be made systematically small in the large-N limit (see [4] for details). At a
fixed X9 = σ, the cross-section of the deformed D3-brane is a 2-sphere with a radius
r(σ) =
πα′N
σ
. (2.2)
From the point of view of the D3-brane, magnetic monopole formed this way is a BPS
object and there is no net force between two of these objects placed at a finite distance. In
fact, a more general solution is given simply by a sum of k such spikes
X9(xi) = σ(xi) =
k∑
a=1
q(a)√
(x1 − x1(a))2 + (x2 − x2(a))2 + (x3 − x3(a))2
, (2.3)
each of which has charge q(a) and position (x
1
(a), x
2
(a), x
3
(a)).
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Having described the D1-D3 intersection from the point of view of the D3-brane, we
now move onto the dual description in terms of the D1-brane action [1].
We consider the nonabelian Born–Infeld action specialized to the case of N coincident
D1-branes, in flat background spacetime, with vanishing B field, vanishing worldvolume
gauge field and constant dilaton. The action depends only on the N ×N matrix transverse
scalar fields Φi’s. In general, i = 1, . . . , 8, but since we are interested in studying the
D1/D3-brane intersection, we will allow only three transverse coordinate fields to be active
(i = 1, 2, 3). The explicit reduction of the static gauge action (X0 = τ and X9 = σ) is then
[6]
SBI = −T1
∫
dσdτSTr
√
− det(ηab + (2πα′)2∂aΦiQ−1ij ∂bΦj)det(Qij) , (2.4)
where
Qij = δij + i2πα′[Φi,Φj] . (2.5)
Since the dilaton is constant, we incorporate it in the tension T1 as a factor of g
−1.
The solution we are interested in is a static, BPS solution. It can be argued [1] that
the BPS condition is the Nahm equation,
∂Φi =
1
2
iǫijk[Φ
j ,Φk] . (2.6)
The trivial solution has Φij = 0, which corresponds to an infinitely long bundle of
coincident D1-branes. In [1], a much more interesting solution was found by starting with
the following ansatz:
Φi = 2Rˆ(σ)αi, (α1, α2, α3) ≡ X , (2.7)
where αi are the N ×N -dimensional generators of a representation of the SU(2) subgroup
of U(N), [αi, αj ] = iǫijkα
k. When the ansatz is substituted into the BPS condition (2.6),
we obtain a simple equation for Rˆ,
Rˆ′ = −2Rˆ2 , (2.8)
which is solved by
Rˆ =
1
2σ
. (2.9)
This solution maps very nicely onto the bion solution of the previous section. At a
fixed point |σ| on the D1-brane stack, the geometry given by (2.7) is that of a sphere with
the physical radius R2 = (2piα
′)2
N
Tr(Φi)2. For the ansatz under consideration, this gives
R(σ)2 =
(2πα′)2
N
Tr(Φi)2 = (2πα′)2Rˆ(σ)2C , (2.10)
where C is the quadratic Casimir, equal to N2 − 1 for an irreducible representation of
SU(2). Therefore,
R(σ) =
πα′
√
N2 − 1
(|σ|)
∼= πα
′N
|σ| (2.11)
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for large N, in agreement with equation (2.2). This completes our synopsis of the arguments
given in [1] for the agreement between the commutative and noncommutative approaches
to the D1/D3-brane intersection.
The natural question to ask is how to obtain an analog of the multi-bion solutions (2.3)
in the D1-brane description. This would require finding a solution to the BPS equation
(2.6) with the following properties 2. At σ → ∞, we would like a number of parallel
D1-brane bunches, separated in space; therefore the three matrices Φi should be of the
form
Φi(σ →∞) ∼ diag
(
xi(1)Iq(1)×q(1) + 2Rˆ α
i
q(1)
, . . . , xi(k)Iq(k)×q(k) + 2Rˆ α
i
q(k)
)
, (2.12)
where αiq(a) are q(a)-dimensional generators of an irreducible representation of SU(2). At
s = 0, though, the residue must be an irreducible representation of SU(2), so that a single
D3-brane is formed:
Φi(σ → 0) ∼ 2Rˆ αiN + finite, (2.13)
The desired solution to (2.6) must then interpolate between k irreducible representa-
tions of SU(2) at large σ, and the single irreducible representation at small σ.
Duality between the two descriptions of this BPS brane intersection strongly suggests
that such solutions exists for arbitrary k, q(a)s and x
i
(a)s. In the next section we will solve
a simple but nontrivial example with k=2 and q(1) = q(2) = 2.
3. Multicore example
We begin with the following well-known observation: the Nahm equation can be rewritten
in Lax form, by defining 3
M ≡ 1
2
(
Φ1 + iΦ2
)
, L ≡ 1
2
Φ3 . (3.1)
The Nahm equation implies that
d
dσ
M = [M,L] , (3.2)
and therefore Tr(Mk) is a constant for all k. These constants of motion will be useful in
our analysis.
Consider the following ansatz for a solution to equation (2.6)
Φ1(σ) = 2


−A(σ) 0 0 0
0 −B(σ) 0 0
0 0 B(σ) 0
0 0 0 A(σ)

 ,
2We are proposing these boundary conditions based on geometrical considerations alone, but it should
be possible to derive them in a way similar to [17].
3This is a special case, sufficient for out purpose; for a more general case, see for example a review in
[13].
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Φ2(σ) = 2


0 C(σ) 0 0
C(σ) 0 D(σ) 0
0 D(σ) 0 C(σ)
0 0 C(σ) 0

 , (3.3)
Φ3(σ) = 2


0 iC(σ) 0 0
−iC(σ) 0 iD(σ) 0
0 −iD(σ) 0 iC(σ)
0 0 −iC(σ) 0

 .
For this ansatz, the Nahm equation (2.6) reduces to


d
dσ
A = −2C2
d
dσ
B = 2C2 − 2D2
d
dσ
C = (B −A)C
d
dσ
D = −2BD
(3.4)
For future reference, let us write down a few solutions to this system of equations. The first
is a block diagonal solution given by putting together two 2× 2 irreps of SU(2), separated
by an arbitrary distance 2∆
A = ∆+ Rˆ(σ) , B = ∆− Rˆ(σ) , C = Rˆ(σ) , D = 0 . (3.5)
The second solution corresponds to a single 2×2 irrep of SU(2), together with some nonzero
diagonal elements
A = ∆ , B = ∆+ Rˆ(σ) , C = 0 , D = Rˆ(σ) . (3.6)
The third solution is the 4× 4 irrep of SU(2)
A = 3Rˆ(σ) , B = Rˆ(σ) , C =
√
3Rˆ(σ) , D = 2Rˆ(σ) . (3.7)
The goal of this section is to prove that there exists a solution which interpolates between
solution (3.7) for σ → 0 and (3.5) for σ → ∞ according to equations (2.12) and (2.13).
Such a solution should be interpreted as describing two bions, each made up of 2 D1-branes,
parallel and separated by 4∆, merging to funnel out into a single D3-brane at σ = 0. The
solution needs to extrapolate between one noncommutative sphere with N = 4 and two
noncommutative spheres with N = 2 each.
Equation (3.2) leads to two convenient constants of motion c1 and c2 defined by
c1 ≡ 1
2
Tr(M2) = A2 +B2 − 2C2 −D2 , (3.8)
c2 ≡ −1
2
(
1
2
Tr(M4)− (Tr(M2))2
)
= (C2 +AB)2 −A2D2 .
For the σ →∞ asymptotic solution of interest, (3.5), these constants take values
c1 = 2∆
2 , c2 = ∆
4 . (3.9)
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Solving (3.4) for C and D,
C2 = −1
2
d
dσ
A , D2 = −1
2
d
dσ
(A+B) (3.10)
and substituting into (3.9), we obtain
A2 +B2 +
3
2
d
dσ
A+
1
2
d
dσ
B = 2∆2 (3.11)
(
−1
2
d
dσ
A+AB
)2
+
1
2
A2
(
d
dσ
A+
d
dσ
B
)
= ∆4
Finally, solving for d
dσ
A and d
dσ
B,
d
dσ
A = 2
(
A2 +AB −
√
(A2 +AB)2 + (A2 −∆2)2
)
, (3.12)
d
dσ
B = 2
(
−4A2 − 3AB −B2 + 2∆2 + 3
√
(A2 +AB)2 + (A2 −∆2)2
)
.
The sign on the square root has been chosen to be consistent with the desired asymptotic
behavior.
The problem has now been reduced to first order equations for a flow in the A-B plane.
The two solutions (3.5) and (3.6) correspond to A+B = 2∆ and A = ∆ respectively, and
the direction of flow for σ : 0 → ∞ is show in Figure 1. The six critical points of this
flow, d
dσ
A = d
dσ
B = 0 are given by ±(A,B) = (∆,∆), (∆,−∆), (∆,−5∆), and are also
marked in Figure 1. The interpolating solution we are interested in is A = 3B for σ → 0.
The question is whether this solution approaches the critical point at (A,B) = (∆,∆) as
σ → ∞. Uniqness implies that different solutions cannot cross – thus the solution we are
interested in must stay within the region bounded by lines A + B = 2∆ and A = ∆. In
addition, d
dσ
A < 0 in that region for A > ∆, hence the solution must approach the A = ∆
line for large s. Finally, d
dσ
B < 0 in the vicinity of the A = ∆ line, hence the flow cannot
escape to infinity. Therefore, the solution has nowhere to ‘go’ but the critical point at
(A,B) = (∆,∆).
Once we know that our solution does in fact end at this critical point, we need to
analyze the local behavior around the critical point to see whether the large s behavior
approaches the two-bion-spike solution (3.5). Expanding around the critical point A =
∆+ a and B = ∆+ b, we obtain to lowest nontrivial order
d
dσ
a = −2a2 , (3.13)
d
dσ
b = −4(a+ b) + 4a2 − 2b2 . (3.14)
We easily see that all solutions within the region of interest approach the critical point
along the b = −a line (along the zero eigenvalue direction), which is precisely the solution
we are interested in.
This completes the proof that there exists a solution to the BPS equations which in-
terpolates between the two-bion-spikes solution in equation (3.5) and the one-bion-spike
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BA∆
∆
Figure 1: Solution flow in the A-B plane. There are six critical points, two of which are double
zeros. Exact solutions (3.5) and (3.6) are shown flowing to the critical point at A = B = ∆. The
asymptotic behavior of the solution of interest is also shown. The small arrows indicate direction
of the flow in the vicinity of A = ∆ line.
solution in (3.7), corresponding to an interpolation between the geometry of two noncom-
mutative spheres with N = 2 each and one noncommutative sphere with N = 4. Figure
2 shows the result of a numerical computation of this interpolating solution in the A-B
plane.
Finally, lets mention that from equations (3.12) it is a simple matter to obtain an
expansion for the solution around σ = 0:
A(σ) =
3
2σ
+
2
5
∆σ − 8
175
(∆σ)3 + o(s5) (3.15)
B(σ) =
1
2σ
+
2
15
∆σ +
104
1575
(∆σ)3 + o(s5) (3.16)
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Figure 2: Interpolating solution in the A-B plane, with ∆ = 1. The solution is approximately
B = A/3 for large A,B and approaches the (1, 1) point on the B = 2−A line.
4. Comments
The appearance of the Nahm equation as a BPS condition for D1-branes is quite natural and
provides an interpretation of the Nahm procedure in terms of lower dimensional branes, as
was first pointed out in [14]. The Nahm equation arises in many contexts and is solved with
different boundary conditions, dictated by the problem at hand. The standard boundary
conditions are those which are useful in the ADHMN construction of monopoles. There,
σ is taken on the interval (−1, 1) and the matrices Φi(s) have poles at σ = ±1 whose
residues are generators of the same irreducible representation of SU(2). This corresponds
to a bundle of D1-branes connecting two parallel D3-branes separated by a finite distance.
By removing one of these poles to infinity so that σ lives on the interval (0,∞), we remove
one of the two branes to infinity, and obtain the single D3-brane scenario described in
section 2. More complicated boundary conditions, describing the discontinuity as a bundle
of D1-branes crosses a D3-brane were discussed in [15, 16, 17].
The problem of solving the Nahm equations with different representations at σ = 0
and σ = ∞ was considered in [18]. There the boundary conditions (2.12) and (2.13) with
all xi(a) = 0 were considered. In the geometrical language of this paper, there was no
separation between the individual D1-brane bundles (∆ = 0). Dimensions of the moduli
space of solutions were computed (for example, for 2 + 2→ 4 and ∆ = 0 the moduli space
is 4-dimensional).
Separating D1-branes ending on the same D3-brane was also considered in [17], where
the boundary condition for removing one D1-brane from the bundle was considered.
The solution presented here is a special case of a new boundary condition for the Nahm
equation, given by equations (2.12) and (2.13). It would be interesting to see whether a
more general analysis of existence of solutions with such boundary conditions is possible.
Based on the proposed duality between BPS objects in Born-Infeld theory of D3-branes
and D1-branes, such solutions to the Nahm equation should exist.
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Unfortunately, N = 4 is too small to obtain a three dimensional geometry from our
nonabelian solution. It would be quite interesting to check whether the nonabelian D1-
brane picture reproduces the correct shape of the deformed D3-brane, as given by (2.3),
but such geometric interpretation requires N ≫ 1.
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